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Abstract 



We relate two formulations of the recently constructed double field theory to a frame-like 
geometrical formalism developed by Siegel. A self-contained presentation of this formalism is 
given, including a discussion of the constraints and its solutions, and of the resulting Riemann 
tensor, Ricci tensor and curvature scalar. This curvature scalar can be used to define an action, 
and it is shown that this action is equivalent to that of double field theory. 
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1 Introduction 

T-duality is one of the simplest and perhaps one of the most intriguing dualities of string theory. It 
relates the momentum and winding modes of closed string theory on a torus via the non-compact 
duality group 0{D, D) (for a review see |1]). It is a fairly natural idea that this duality symmetry can 
be made manifest upon introducing 'doubled coordinates', both at the level of the world-sheet [2l[3lll] 
and at the level of space-time [HIS]. In other words, in addition to the usual coordinates associated 
to momentum modes one has dual coordinates Xi associated to winding modes. 

Recently, a formulation of such a 'double field theory' has been found (BJlTlEllS] that can be viewed 
as an 0(-D, D) covariantization of the low-energy effective space-time action. (For recent papers related 
to this theory see W2 \ 113 1 H^j.) The conventional action for the metric gij, the Kalb-Ramond 

two- form hij with field strength Hijk = 39[j6jfc], and the dilaton (j) is given by 

R+m?-^HA . (1.1) 
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The double field theory action is written in terms of the 'non-symmetric metric' £ij = gij + bij, which 
naturally combines the conventional metric and 2-form, and the dilaton d which is related to the scalar 
dilaton (j) via the field redefinition e"^'^ = \J—ge~'^^. It reads 

S = I dxdx e-^'' \ - I g'^g^' V^Eki V^S,, + ^g^' {V^e^kV^Eji + V^8k^ t>'£ij) 

J ^ 4: 4 ^^2) 

+ {V'd &Sij + V'd V^Sji) + AV'dVid . 
Here, the calligraphic derivatives are defined by 

A = '^~^ik^^, A = T^+SkiTT:^, (1-3) 

ax* oxk ox^ oxk 

and all indices are raised with which is the inverse of the metric gij = \{£ij + Sji). As required, 
the action (jl.2p reduces to (11. 1|) if the winding derivatives are set to zero [8]. Moreover, it is invariant 
under the T-duality group 0{D, D) whose action on the fields can be written in matrix notation as 
(generalizing the well-known Buscher rules [15j ) 



£'{X') = [a£{X)+h){c£{X)+d)-^ , d\X') = d{X) , X' = hX , (1.4) 

where 

I ^) G OiD,D), (1.5) 

and we have grouped the momentum coordinates and the winding coordinates Xi into a fundamental 
0{D,D) vector X^^ = (xi,2;*)0 The action (II. 2p is also invariant under a gauge symmetry with a 
parameter = that combines the conventional diffeomorphism parameter with the 1-form 

gauge parameter of the 2-form, 

6£ij = Vi^j — Vj^i + i^dM^ij + T^ii^£kj + '^ji^^ik , 

1 (1-6) 
5d = ^^dMd--dMe', 

and which reduces to the familiar diffeomorphism and 2-form gauge symmetry for 9 = 0. 

The consistency of the action (jl.2p requires the constraint that all fields and gauge parameters 
and all their products are annihilated by the differential operator d^di. This is a stronger version of 
the level-matching condition of closed string theory, and will therefore sometimes be referred to as 
'the strong constraint'. It takes a manifestly 0{D,D) covariant form, upon introducing the 0{D,D) 
invariant metric ry: We require 



d^'^duA = v'''''''dMdNA = , d'^^AduB = , 7?^^^^^ = ( ^ Q ) , (1.7) 



^We use a notation that does not distinguish between compact and non-compact coordinates. In string theory only 
the compact coordinates should be doubled, and in this case the doubling for the non-compact coordinates is only formal, 
with a trivial dependence of the fields on these new coordinates. The signature of the duality group 0{D, D) applies to 
the case that the space-time metric gij is positive definite, but all formulas below extend readily to any other signature. 
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for all fields and parameters A,B. This constraint implies that locally there is always an 0{D,D) 
transformation that rotates into a 'T-duality frame' where the fields depend only on half of the 
coordinates, for instance the momentum coordinates. 

Despite taking a strikingly simple form, the properties of the double field theory action (|1.2p are 
not very transparent. Even though the 0{D, D) invariance is well understood (and 'manifest' in the 
sense that each term is separately invariant [8]), the fields do not transform in linear representations 
of 0{D,D). Moreover, the gauge symmetry is far from being manifest in the formulation (jl.2p . and 
therefore a more geometrical understanding is desirable. 

More recently, a reformulation of (11. 2p has been given in which some of these features are more 
accessible [S]. It is based on the 'generalized metric' 

which combines the metric and 2-form in such a way that it transforms covariantly under 0{D,D) 
according to its index structure, i.e., in a linear representation as opposed to the non- linear represen- 
tation of £ij above. The double field theory action can then be written in the manifestly 0{D,D) 
invariant form 



(1.9) 

2 dMd dNU^^^^ + m^^^^ dMd dNd 



Here, the derivatives du = {d^ idi) and d^^ = rj^^^dN = {di, d^) transform covariantly under 0{D, D). 
Remarkably, in terms of Ji^^ the gauge symmetry parameterized by becomes manifestly 0{D, D) 
invariant. 

Here and in the following 0{D,D) indices are raised and lowered with rj^^^ . This form of the gauge 
transformations naturally suggests a notion of 'generalized Lie derivative', in which each index gives 
rise to a covariant and a contravariant contribution. In the formulation (jl.9p the gauge invariance of 
the double field theory action can be checked more easily, although it is still non-manifest. 

For both formulations presented above the action can actually be written in an Einstein-Hilbert 
like form with a scalar curvature TZ = TZ{£,d) = TZ{'H,d) that can be viewed as a function of d and 
either £ij or H'^^^ . More precisely, up to boundary terms, (II. 2|) and ()1.9p can be written as 



S = j dxdxe-^'^n{£,d) = j dxdxe^^'^ 71(71, d) . (1.11) 

In here, 7Z transforms scalar and e density, 

6^7Z = e'dM7Z, 6^{e-"') = dMie'e-^'') , (1.12) 

from which invariance of the action immediately follows. The scalar curvature has, however, only been 
determined 'by hand' as functions of d and £ij or 7-L^^^ , respectively, by requiring the transformation 
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behavior (|1.12p . Again, a more geometrical understanding, in which TZ arises from a Riemann-tensor- 
hke object that is manifestly covariant, is desirable. 

Prior to these developments Siegel has introduced some time ago a duality-covariant geometrical 
formalism in a remarkable paper [16] (extending the results of pJTj). This formalism is based on a 
frame-field e^*^ that carries a flat index A corresponding to a local GL{D) x GL{D) symmetry. This 
direct product structure with two independent general linear groups reflects the left-right factorization 
of closed string theory. The formalism features connections for this local symmetry and covariant 
curvature tensors. Intriguingly, it has the same transformations under according to the generalized 
Lie derivatives as in (jl.lOp , and it requires the same constraint (jl.7p . Given these and other similarities 
it is natural to assume that, upon suitable identifications and gauge fixings, the formalism of Siegel is 
in fact equivalent to the double field theory formulation reviewed above. In this paper we will show 
that this is indeed the case. 

In [9] this relation has already been elaborated at the level of the field content and the symmetry 
transformations. Here, we go beyond that by relating the curvature scalars appearing in (jl.lip to the 
curvature tensor for the GL{D) x GL{D) connections of Siegel's formulation. In doing so we believe 
to both clarify the geometrical meaning of the recent results on double field theory and to give a more 
explicit and thereby more accessible treatment of Siegel's formalism. 

This paper is organized as follows. In sec. 2 we review the 0{D,D) covariant generalized Lie 
derivatives and Siegel's frame-like geometrical formalism. In sec. 3 we discuss the general action 
principle and derive the Bianchi identities implied by gauge invariance. These two sections are mainly 
a review of [16] and [9], but also contain novel results, as the manifestly 0{D, D) and GL{D) x GL{D) 
covariant form (I2.59P of the scalar curvature. The main results of this paper are given in sec. 4 and 5, 
where we relate the frame formalism to the explicit formulations in terms of £ij and T-L^'^^ . Specifically, 
in sec. 4 we show the equivalence of the scalar curvature and the corresponding scalar found in [8], 
and relate in particular ^0{D,D) covariant derivatives' introduced there to the GL{D) x GL{D) 
connections. In sec. 5 we give an independent proof of the equivalence of the curvature scalars in the 
formulation with Ji^'^^ given in [9j. We close with a summary and outlook in sec. 6. Some technically 
involved calculations related to the curvature tensor can be found in the appendix. 

2 Geometrical frame formalism 

In this section we first review the novel gauge transformations parametrized by and the associated 
C-bracket. Next we introduce frame fields which are subject to the tangent space symmetry GL[D) x 
GL{D) together with connections for this symmetry. Finally, a covariant curvature tensor is discussed. 

2.1 Generalized Lie derivatives, Courant bracket and frame fields 

The generalized Lie derivative is defined for tensors with an arbitrary number of upper and lower 
0{D, D) indices by the straightforward extension of 

C^Am"" = edpAM"" + {due - d^'iM) Ap"" + (9^ep - dpi'')AM'' . (2.1) 
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With this definition the gauge transformation p.lOp simply reduces to 

^^^MTV ^ £^-^A/Af. (2.2) 

In general we will refer to 0{D,D) tensors that transform according to the generalized Lie deriva- 
tive under gauge transformations parameterized by as 'generalized tensors' or as transforming 
covariantly under 

An important consistency property of this formalism is that the 0{D,D) invariant metric that is 
used in (|2.ip to raise and lower indices has vanishing generalized Lie derivative, 

C^r]^'^ = fdp r?*^^ - a^e""' - d^'c'' + a^C^^ + a^^^^ = . (2.3) 

Accordingly, in this formalism it is consistent to have this constant tensor with two upper or two lower 
'curved' or 'world' indices. 

The closure of the gauge transformations spanned by S^^'^ or, equivalently, the algebra of generalized 
Lie derivatives can be straightforwardly determined in this formulation and is governed by the 'C- 
bracket', 

where 

[6,6] c = ^i9nC¥ - I 6''5^6p -(1^2). (2.5) 

This bracket is the 0{D,D) covariant double field theory extension of the Courant bracket of gen- 
eralized geometry [181 [T9l [20] . as has been shown in [7J. An important property that will be used 
later is that the C-bracket of two generalized vectors is again a generalized vector. In order to verify 
this let and be transforming as 6^X^'^ = C^X^'^ and J^y^^ = C^Y^^ , respectively. For the 
computation of the gauge variation of their C-bracket it is useful to keep in mind that the variation 
of an 0{D,D) invariant expression automatically combines into the covariant terms according to the 
generalized Lie derivative and into non-covariant terms that originate exclusively from the variation 
of partial derivatives. Thus, we find 

5i[X,Y]^^ = 55(x^9ivy*'-^X^9^yp-(Xoy)) (2.6) 



C^[X,Y\ 



M 
C 

1 



-X'^dr.id^'^K - dKe')Y^ - '-X^d'Hdpe - d^^p)YK -{X^Y) 

M 



C/:[X,Y 



c 



where the cancelation of the non-covariant terms easily follows from the antisymmetry in X and Y . 
This establishes the covariance of the C-bracket. As the variation in the first line can also be written 
as y]c + [X,5Y]q, this covariance property of the C-bracket can be put more compactly as 

£5 [X, Y]^ = [C^X, Y]^+ [X, C^Y] ^ , (2.7) 

which is the analogue of the invariance of the Lie bracket under the usual Lie derivative. 
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In general, partial derivatives of generalized tensors are not generalized tensors. An exception is a 
generalized scalar S which according to (j2.ip simply transforms as 



6^S = C^S = (^dpS. (2.8) 
Therefore, its partial derivative transforms as 

6^{dMS) = duifdpS) = fdp{dMS) + {dMf - a^eA/)9pS = c^idnS) , (2.9) 

where in the second equality we were allowed to add the third term because it is zero by the constraint 
(jl.7p . Thus, OmS transforms covariantly, i.e., as a generalized covariant tensor. This covariant trans- 
formation behavior does not hold for partial derivatives of higher tensors, not even for antisymmetrized 
combinations like B^m^n] — ™ contrast to conventional diffeomorphisms. 

In the following we will introduce a frame field which allows to convert arbitrary tensors from 
'world'-tensors into 'tangent space'-tensors and thereby into scalars under Specifically, following 
Siegel |16j we introduce a frame field , which is a generalized vector and has a flat index A 
corresponding to a local GL{D) x GL{D) symmetry, i.e.p 

e^^ = . (2.10) 

We assume this vielbein to be invertible and denote the inverse by cm^- In (|2.1U|) we used the splitting 
M = (i , * ) of the 0{D,D) index and A = {a, a) is the GL{D) x GL{D) index. Given the 0{D,D) 
invariant metric r]MN we can build an X-dependent 'tangent space' metric of signature {D,D), 

Gab = eA^eB^VMN , (2.11) 

with inverse Q^^ = rj^^^ cm^gn^ , which will be used to raise and lower flat indices. The raising and 
lowering of world indices with rj and of flat indices with Q is consistent with inverting the frame field 
(pTO]l in that 

CM^ = mNG^'^eB'' ^ eM^eA^ = Sm"" , (2.12) 

as follows from the definition (12. lip . In order for ca^^ to describe only the physical degrees of freedom 
it turns out to be necessary to impose the GL{D) x GL{D) covariant constraint 

Gal = ^ e(,*e-,), = 0, (2.13) 

which is related to the left-right factorization of closed string theory [16] |f| 

Using the frame field one can introduce a 'fiattened' derivative e^, defined by 

CA = eA^dM . (2.14) 



^We note that our conventions for the frame field differ from those in [9| (c.f eq. (5.12)) in order to be more in line 
with [16] . 

^An alternative motivation of this constraint starting from generalized geometry and the generalized metric H has 



been given in [9], c.f. the discussion after eq. (|5.1|) below. 
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We note that the strong constraint ()1.7p takes the following form in terms of flat indices, 

e^XeAY = Q^^eA^eB^dMXdNY = ii^'^dnXdNY = 0, (2.15) 

for arbitrary functions X and Y . Due to the covariance of the partial derivative of a generalized scalar 
discussed above, the action of on an arbitrary tensor with only flat indices, ca^bc.) is covariant 
under transformations. Of course, it will not be covariant under the local frame rotations, and so 
covariant derivatives have to be introduced. Thereby, the problem of defining derivative operations 
that are covariant under generalized diffeomorphisms parameterized by has been converted to the 
problem of introducing covariant derivatives and connections for the GL{D) x GL{D) tangent space 
symmetry, to which we turn now. 

2.2 GL(D) X GL(D) connections and constraints 

We define the infinitesimal local GL{D) x GL{D) transformations to be 

6aVa = Aa^'Vb , SaV^ = -Ab^V" , (2.16) 

and analogously for tensors with an arbitrary number of upper and lower indices. Since we are dealing 
with GL{D) X GL{D), the non- vanishing parameters are A^^ and A^^. Covariant derivatives with 
flattened indices are given by 

VaVb = eAVs+ujAB^Vc , VaV^ = caV^ - ojac^V^ , (2.17) 

where we have introduced connections ujab'^ ■ Again, since we are dealing with gauge group GL{D) x 
GL{D) the only non- vanishing components of the connections are 

WAB^ : WAfe", Was'- (2-18) 

Moreover, the constraint ()2.13p implies that the same holds for connections with all indices lowered. 
We will frequently make use of the fact that components like ujab^ and oJabc vanish. We require that the 
connections transform under as scalars and therefore, as discussed above, the covariant derivatives 
(j2.17p transform as scalars, too. They transform also covariantly under GL(D) x GL{D) if we require 
that the wab*^ transform as connections, i.e., 

JwAa' = - VaA,^ + AA^'cUBa', VaA,^ = CaA,'' + CUAa'A,^ " ^Ac'A/ , (2.19) 

and analogously for barred indices. We note that the additional term in 6ujAa^ as compared to the 
familiar transformation rule for a Yang-Mills gauge potential is due to the conversion of the 1-form 
index into a flat one. 

Next we have to impose covariant constraints that allow us to solve for (part of) the connections 
in terms of the physical fields. A natural starting point is the C-bracket governing the gauge algebra. 
In ordinary Riemannian geometry the torsion constraint of the Levi-Civita connection implies that in 
the Lie bracket of two vector fields the partial derivatives can be replaced by covariant derivatives. 
In the double field theory context the Lie bracket is replaced by the C-bracket in that only the latter 
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transforms covariantly under generalized diffeomorphisms. Since we are dealing here with flattened 
derivatives it is thus natural to define a torsion tensor in such a way that it vanishes if and only if 
in the C-bracket with flattened parameter = [(,i,S,2]q the partial derivatives are replaced by 
GL(D) X GL{D) covariant derivatives, i.e., 



This leads tc0 



where 



it2 = ii^Bi^ - ^CibV^cI" -(1^2) + ifi^ Tbc^ . (2.20) 
Tab'^ = r^Afi'^ + 2 (^U}[AB]^ + 2^'^[AB]^ , (2-21) 

^ab'^ = 2 (^fiAsf + ■^f'^lAB]^ , Iabc = {eAeB^^)ecM ■ (2.22) 
Another more covariant form of the torsion tensor is 

Tab^ = 2(^eN^V[AeB]^ -leNiA^^eB]""^ ■ (2.23) 

We note here that the torsion tensor defined like this does not coincide with the usual definition via 
the commutator of covariant derivatives. We will return to this issue below. 

The ^ab'^ introduced above can be seen as generalized 'coefficients of anholonomy' in that 

[eA,eB] = ^AB^ec ■ (2.24) 

To be more precise, the first term in ()2.22p proportional to f[AB]'^ corresponds to the usual coefficients 
of anholonomy, while the second term drops out in the equation (I2.24p by virtue of the constraint 
(j2.15p . The full ^ab'^ are obtained unambiguously from the C-bracket, 

[eA,eB]c = ^AB^'ec^ . (2.25) 

This can be verified by inserting the components ca^ into the definition (12. Sp . These generalized 



coefficients of anholonomy, as opposed to the usual ones and the Jabc^ are fully covariant under 
transformations. This follows directly from (j2.25p and the fact that the C-bracket transforms covari- 
antly. Since the ujab'^ are generalized scalars it follows from (I2.2ip that the torsion tensor transforms 
covariantly under S^^'^ , while its covariance under GL{D) x GL{D) is manifest in the form (|2.23p . 
Alternatively, this covariance can be inferred from the defining equation (I2.20p and the covariance of 
the C-bracket. In total, imposing the torsion constraint 

Tab^ = (2.26) 

is consistent with all symmetries. 

Next, we impose the 'metricity condition' that the metric Qab is covariantly constant |16j . 



VaQbc = 4^ eAQBC + '2oJA{BC) = 0. (2.27) 



*In this paper we employ the convention that symmetrization and anti-symmetrization involves the combinatorial 
factor, e.g., Xy^i,^ = ^{Xab — ^ba)- In some formulas this leads to numerical factors that are different from those in [16| . 
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We recall that indices (here on to) are lowered with Gab- 

Finally, we impose a constraint that allows for partial integrations in an action using the covariant 
derivatives [16]. Specifically, as actions are defined with the density e"^'^, we require 



e-^'i VVaV^ = - J e-^'^ V^VaV = - j e'^'^ V^caV (2.28) 

for arbitrary V and V^. The consistency of this and the previous constraints will be confirmed in the 
next subsection by providing the explicit solutions. 

2.3 Solving the constraints 

We solve now the above constraints and show their mutual consistency. First, the metricity condition 
()2.27p can be trivially solved, 

^A(BC) = --j^eAQsC = -fA(BC) > (2.29) 

and determines the part symmetric in the 'group indices' of ojabc completely. 
We turn next to the torsion constraint (j2.26p . which reads explicitly 

^ABC = ^BAC + -j^^CBA — ^ABC — -^CAB ■ (2.30) 

To simplify this further we decompose ujabc into a part which is antisymmetric in its last two indices 
and into a part which is symmetric in its last two indices, 

^ABC = ^B[AC] + ^B(AC) + 2 {^C[BA] + ^C(BA)) " ^A[BC] - ^A{BC) - ^ {^C[AB\ + ^C{AB)) 

= '^^[BAC] + ^B{AC) - ^A{BC) ■ (2.31) 

It follows that the completely antisymmetric part is fully determined, 

^[ABC] = ~2^[ABC] = -/[ABC] ■ (2.32) 

In order to gain further insights from (I2.3ip we decompose the GL{D) x GL{D) indices and use that 
only oJAab and ijJAal ^^^^ non-zero. This leads to 

^abc = 3W[bac] + ^b{ac) ~ ^a{bc) = ~^a\bc] ~ ^a{bc) = ~^abc ' (2.33) 

and similarly for the opposite index structure. Thus, in total 

^abc = -^abc ' '^abc = -^abc ■ (2-34) 

These equations determine, in particular, symmetric parts as w^^^g^ which were already given by ()2.29p . 
They are, however, consistent as can be confirmed by an explicit computation using (j2.22p . 

'^a{bc) = -^a{bc) = -^e^Sbc^ (2-35) 
and similarly for the opposite index structure. 
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Finally, we solve the constraint ()2.28p . which after integration by parts reads explicitly 

je-^^VVAV^ = j e~^''V{eA^'dMV^-iOAB''V^) (2.36) 

From this we read off 

ujba'' = -^A = -e2'^5M(eA*'e-2'^) = -^MeA*' + 26^^ , (2.37) 

where we introduced VLa for notational convenience. This constraint can be interpreted as setting the 
following 'new torsion' to zero, 

Ta = Omca^^ + UJBA^ - 2eAd = 0, (2.38) 

which yields for a scalar S 

VaV^S = -TaV^S = 0, (2.39) 

where the first equality follows by virtue of the strong constraint (j'i.lSp . 

We conclude this section by summarizing which connections are determined by the above con- 
straints ()2.26p . (j2.27p and (|2.28p . First, the 'off-diagonal' components Uabc and oj^i^ are completely 
determined according to (|2.34p . For the 'diagonal' components Uabc and cj^gg the parts symmetric 
in the last two indices are fully determined by (|2.29p . Therefore, it is sufficient for the remaining 
components to focus on the part antisymmetric in the last two indices, whose irreducible parts, say 
for ujabc, are given by the following tensor product 



(2.40) 



where the Young tableaux refer to the left GL{D) group. In here, the completely antisymmetric 
part ijj\^abc\ is determined by (j2.32p . For the 'mixed- Young tableaux' representation on the right-hand 
side of (I2.40p the trace parts are determined by (I2.37P in terms of the dilaton, leaving precisely the 
trace-free part of this (2, 1) representation as the undetermined connections. Its dimension is given by 
\D{D + 2){D — 2) and therefore, taking the right GL{D) into account, the number of undetermined 
components is twice this value. That not all components are determined by the above constraints 
limits the extent to which invariant curvatures can be constructed out of the physical fields, which 
will be discussed in the next subsection. 

2.4 Covariant cuvature tensor 

Let us now turn to the construction of invariant curvature tensors for the GL{D) x GL{D) connections. 
In general, given covariant derivatives one can define curvatures through their commutator, say, acting 
on Vc, 

[Va, Vb] Vc = Tab'^VdVc + Rabc'^Vd ■ (2.41) 



'a[bc] 



□ 
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This leads to the standard expressions 



Tab^ = ^AB^ + '2uj[ABf , (2.42) 
RabC^ = eA<jJBC^ - SbUJAc'^ + ^^AC^^Be'^ - ^^BC^^^AE^ - ^AB^OJEC^ ■ (2.43) 

We note that the torsion tensor Tab^ defined hke this does not coincide with the torsion Tab'^ defined 
earher in (j2.2ip . Given the modification of the gauge transformations as compared to the standard 
diffeomorphisms it was, however, only consistent to set Tab''' = 0. We conclude that the conventional 
torsion is necessarily non-zero when imposing (j2.26p . More precisely, comparing (|2.2ip with (j2.42p one 
finds the non-vanishing torsion 

Tab^ = -u^yAB] ■ (2.44) 
Consequently, the commutator (|2.41l) of covariant derivatives reads 

[Va,Vb]Vc = -u:'^ [AB]^ dVc + Rabc^Vd . (2.45) 

An immediate consequence is that Rabc^ as defined in (|2.43p cannot be fully covariant with respect 
to GL{D) X GL(D), because the left-hand side of ()2.45p is manifestly covariant but the right-hand 
side contains a bare gauge field. 

At this stage a comment is in order regarding the non-covariance of the curvature tensor R, 
because formally it coincides with a conventional field strength (with flattened indices) that would be 
covariant with respect to (frame-)transformations of an arbitrary gauge group. The subtlety here is 
that the generalized coefficients of anholonomy i^AB^^ defined in (j2.22p rather than the conventional 
ones appear in the last term of (I2.43p . Actually, eq. (j2.4ip does not determine whether (I2.42P should 
contain the generalized coefficients of anholonomy or the conventional ones, for in the commutator 
()2.24p the difference between the two is immaterial by virtue of the strong constraint (12.151) . as we saw 
above. The choice made here is covariant under gauge transformations, at the cost of violating 
the GL{D) X GL[D) covariance. 

Next, we compute the failure of covariance in order to repair it in a second step, following |16j . 
The non-covariance can be inferred from the variation of the bare gauge field in (j2.45p , 

~5KU^yAB\^DVc = e-^Aj^-^ ^^j^ (cdVc + wdc^Ve) + covariant terms (2 46) 

= KyA^ QB\F^EC^yD + covariant terms , 

where in the second line we relabeled indices and used the constraint (j2.15p . Since the non-covariance 
must be compensated by a non-covariant variation of R we conclude 

SkRabc^ = - (e^A[yi^) ^5]^ a;_Bc^ + covariant terms , (2.47) 

which can also be checked directly with (I2.43p . We define now a modified curvature tensor [16] 

1 



/V / 



-ABCD 



2 L 



RaBCD + RCDAB 



+ 4L- 



E E 
^ECD ^ BA + ^EAB W DC 



(2.48) 
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Using (|2.47p and (|2.19p it is straightforward to compute the non-covariant terms in its gauge variation, 

^aT^'aBCD = -l^{e^^A^)QBF^E{CD)- l^{e.^^C^)'3DF^E(AB) 

= ^{e^AA^)QBFeEGcD + \{e^Ac^)QDFeEGAB = 0, (2.49) 

where we used (12.291) and the constraint (j2.15p . Thus, TZ' transforms covariantly under all symmetries. 
Since the proof of covariance requires the use of the metricity condition, TZ' transforms only covariantly 
after imposing this constraint. This can, however, be relaxed by adding further terms that are zero 
upon imposing the constraints. Specifically, defining 

TZaBCD = T^ABCD - ^^ECD^^QaB - ^^EAB^^QcD , (2.50) 

we obtain a tensor that is fully covariant independently of the constraints. In the remainder of this 
paper we will assume that all constraints are satisfied, for which TZ = TZ' , unless stated differently. 

In the rest of this section we examine the symmetry properties and identities of TZabcd- We start 
with the original curvature Rabc^ ■ It is manifestly antisymmetric in its first two indices. It is not 
manifestly antisymmetric in its last two indices, but this follows nevertheless as a consequence of the 
metricity condition. To see this we write (I2.4ip acting on a vector with an upper index, 

[VA,VB]y^ = Tab''^ eV" - Rabc^'v'^ ■ (2.51) 

By the covariant constancy of the metric this is related to the commutator acting on a vector with a 
lower index, 

a^''[VA,VB]Vb = Q'^'^iTAB^yEVc + RABC^VE) = Tab'^V eV'' + Rab"" ■ (2.52) 



Comparison with (12.5ip then implies the antisymmetry in the last two indices. Summarizing, R has 
the following symmetries 

Rabcd = -Rbacd = -Rabdc ■ (2.53) 

Moreover, since the gauge group is GL{D) x GL{D) the 'off-diagonal' components in the group indices 
of Rabc^ , i-e., in the last two indices, are zero, 

^ABcd = Rabu = , (2-54) 

corresponding to the fact that the only non-zero connections are (j2.18p . 

Next, we turn to the symmetry properties of TZ. In general, the correction terms proportional 
to the connections in ()2.48p have no specific symmetry. If we focus on off-diagonal GL{D) x GL[D) 
components, however, these extra terms vanish, see (I2.18p . and so the antisymmetry properties of R 
elevate to TZ. For instance. 



V - 1 

'^abcd — 2 



Rabcd ~l~ Rcdab 



■^Rcdab — —-^Rcdba — —T^bacd ■ (2.55) 



The same conclusion applies to all other components that have precisely three unbarred or three barred 
indices. 
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We close this section with a brief discussion of a curvature scalar that will be used in the next 
section to define an action. The scalar that is obtained by tracing TZ turns out to be zero by virtue of 
the constraints. Specifically, prior to imposing any constraints, one can prove (see appendix Al) tha1§| 

TZab^'' = ^^aT^ + Ta^ + VaVbG^'' -IriABcf-lyiAQBC)^- (2.56) 
Each term vanishes separately after imposing the constraints, and therefore 

= 7^AB^^ = TZab^' + n-J' . (2.57) 
Thus, there is a unique way to define a (non-vanishing) scalar, 

n := -^IZab^' = ln,f' , (2.58) 

which by construction is a scalar under transformations and GL{D) x GL{D). 

An expression for TZ that makes the invariance under 0{D, D) and frame transformations manifest 
is the following, 

n = -(V"Vad-V^Vsd)-^(v'^(e/Ve5jv/)-V^(e,^^V''e6M)) (2.59) 

V»d(e/-^vV,jv,) - V^d(e/^VW)) - (V^dV^d - V^dV-ad) , 

which will be verified in appendix A3. 

It is not manifest either from the definition ()2.58p or the explicit form (j2.59p that the scalar 
curvature depends only on the connection components that have been determined by the constraints. 
A somewhat lengthy calculation shows, however, that IZ can be written aj§ 

n = Can"" + ]pa^ + ]^eaekQ'''' -\vtabc^ -^n^abc^ + ^e''g'''ekQac, (2.60) 
as we show in appendix A2. This proves that 7^ is a well-defined function of the physical fields. 

3 General action principle 

In this section we briefly introduce an Einstein-Hilbert like action principle based on the invariant 
curvature scalar discussed above, and derive Bianchi identities from its gauge invariance. 



^We note that this expression differs from that in sec. Vfll of [TB] because of different conventions regarding sym- 
metrization. Moreover, it differs by an overall factor and a relative factor in the last term. 

® Again, this expression differs from that given in sec. VIII of [16] because of different conventions regarding antisym- 
metrization, but it also corrects a typo in the fourth term. 
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3.1 Gauge invariant action 

Having the scalar TZ at our disposal we can define the following action principle 

S = [ dxdxe-^'^TZ , (3.1) 



which, by virtue of e"^'^ transforming as a density, is manifestly invariant under all symmetries. 

There are a number of conclusions that can be derived from this invariance. First, the variation 
with respect to d has to be a GL[D) x GL{D) invariant scalar and therefore it must be proportional 
to TZ defined in (j2.58p [16j, which conclusion agrees with the results of [HI |9] , as we will show below. 
Second, the general variation with respect to ca^^ is non-trivial only in its off-diagonal component, in 
the following sense. Introducing a variation with both indices flat, 

AcAB := eB^'ScAM , (3.2) 

we infer that the GL{D) x GL{D) transformations (|2.16|) read 

AeAB = eB^'^A^ecM = Aa^Gbc = ^ab ■ (3.3) 

By the constraint (12.13P this implies 

Acab = Kb , Ae-b = K-^i , Ae„5 = -Ae^^ = . (3.4) 

Consequently, the local GL[D) x GL[D) symmetry of the action implies the 'Bianchi identity' that 
the diagonal parts of the field equations obtained by variation with respect to Acab and Ae^^ vanish 
identically. Thus, the only non-trivial part of the field equation is obtained by variation with respect 
to, say, Ae^g. In total, the variation of (13. ID can be written as 



6S 

giving rise to the field equations 



j dxdx e-^'^ {-25dn + Ae^iTV^^ , (3.5) 



71 = , n,b = ^- (3.6) 



Next we discuss some general properties of these tensors. As indicated by the suggestive notation 
it is natural to assume that the 'Ricci tensor' TZ^i derived from p.ip indeed follows from contracting 
the covariant curvature tensor introduced above. There are two candidates, TZ^i^ and Tl^i^^. The 
explicit expression for the first is 

T^ab = '^T^cab' = ^caf = ^c^^af ~ ^a'-^cb^ + LO^LO^f - W^j'^l^g/ - Qca^UJ^f (3.7) 

where the torsion constraint (|2.26p has been used in the first line. The second expression is given by 

T^ba = RcU = (ici^ba - %^ca ^i^ca^U - ^ba^cd -^ci'^Ea (3.8) 
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and we will confirm below that this is equivalent to (|3.7p . Writing out all connection components 
explicitly, the Ricci tensor can thus be written as 

T^al = T^-ba = ei^a - e^^i^ + nj^g: - ^ia • (3.9) 

In sec. 4 we will prove that the curvature scalar, upon gauge fixing, reduces to the one of double field 
theory given in [8j, and that the corresponding field equations for £ij as determined in [11] give rise 
to the tensors in (13. or (13. Sp . thus showing their equivalence. This proves that the tensors defined 
by the general variation (|3.5p are indeed the curvature scalar and Ricci tensor. 

3.2 Covariant gauge variation and Bianchi identity 

In this subsection we derive a Bianchi identity from the invariance of (j3.ip under gauge trans- 
formations. To this end it is convenient to first rewrite the gauge transformations in terms of the 
GL{D) X GL{D) covariant derivatives. For this we use the following form of the gauge transformation 
in terms of the C-bracket (c.f. eqs. (3.29) and (3.30) in [9]) 

S^CA^" = [e,e^]*' + i5^^(eA^e7v), (3.10) 

and the fact that in the C bracket we can replace curved by flat indices if we use the GL{D) x GL{D) 
covariant derivatives, i.e., 

[Ce^lc = e^ceA^ -eA^Vc^ -licy^e/" + \eAcy^f (3.11) 

= -fu^cA"" - + If^'^AC + \QAcV''f . 

Here we have to stress that the covariant derivatives in the first line do not act on the index A, 
which we indicated by the notation V, because A is in (|3.10p and (j3.1ip only a 'spectator' index. 
Consequently, using ca^ = eA^^M^ = ^A^ and eac = eAM^c^ = Gac, we have Vce^^ = —^CA^, 
from which the second equality follows. Using ()3.1ip in ()3.10p we obtain 

S^eA^" = eB''[teA]c + \d''U (3.12) 

= -^^ccA^ en'' - es^'VAe + leB^^'o^^Acf + ^e^^V^^ + ^^^^^ • 

The third and last term combine into a covariant derivative, which in turn combines with the fourth 
term. Moreover, the first term can be viewed as a field-dependent GL{D) x GL[D) transformation 
with parameter A^^ = —^'''OJCA^ and can thus be discarded. Therefore, the final form reads 

5^eA^' = -eB^' (V^C^ - V^Ca) , (3.13) 
or, in terms of the variation (j3.2p . 

Ae^s = VbU - Va^b . (3.14) 
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For the dilaton one finds from (11.6 



S^d = e'dud - IdMi"" = i^eAd - \dM (e^e^^) 

= -\eAe + \e {-dueA^' + 2eAd) = -\ [eA^ - ^BA^'e) (3-15) 

where we used (j2.37p in the second Hne. 

We can now read off the Bianchi identity following from the gauge invariance of p.ip . Using ()3.14p 
and (|3.15p in (|3.5p we infer 



(3.16) 



= - y dxdx e-'"' (e (VaU + V^7^,5) + f (VaU - V'Uta)) 

which implies the Bianchi identities |16j 

Va7^ + V"^7^,5 = 0, V-aTZ-V^TZba = . (3.17) 

These are equivalent to similar Bianchi identities derived from the double field theory, as we will show 
in the next section, and reduce to the usual Bianchi identities for Rij and Hijk when 9 = |llj . 

4 Relation to formulation with Sij 

Here we start the detailed 're-derivation' of the double field theory formulations reviewed in the 
introduction from Siegel's geometrical formalism. We identify the 'non-symmetric' metric £ij as com- 
ponents of CA^ after a particular gauge fixing. This allows us to study the non-linear realization of the 
0{D, D) symmetry and to find a rather direct relation between the action ()1.2p and the geometrical 
Einstein-Hilbert like action (j3.ip . 

4.1 Gauge choice 

One way to identify £ij in the frame-like formalism is to gauge-fix the local GL{D) x GL{D) sym- 
metry by setting the components Cq* and e^* in (j2.10p equal to the unit matrix (assuming certain 
invertibility properties). Taking the constraint (j2.13p into account, the remaining components are 
then parametrized by a general D x D matrix which we identify with Sij^ 

= e- ) = ( Era 5- ) • (^-^^ 



'^An alternative definition of £ij in terms of the frame fields which is GL{D) x GL{D) covariant and does not require 
a gauge fixing has been given in 9 . For our present purposes, however, we find it more convenient to use the gauge fixed 
form (14.11). 
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In this gauge, the 'space-time' indices . . . can be identified with the frame indices of either GL[D) 
factor via the trivial vielbeins 5a or 5a^ . The calhgraphic derivatives (jl.3p then coincide with the 
'flattened' partial derivatives (j2.14p . 

ea = ea^'dM = da- Said' = Va, Ba = Ca^' Om = da + SiaB' = Va . (4.2) 

Moreover, the metric gij = £(ij-) can be identified with either of the two 'tangent space' metrics 

gab = --^Ga Cfe T]MN , Qab = ^5 ^^^^ ' ''^■^> 

as one may verify directly from (j4.ip . From this it follows that (|2.1ip is given by 

- ("0"' :j ■ 

The relative factors of ±2 appearing here lead, after the gauge fixing (|4.ip and the corresponding 
identification of indices, to an ambiguity regarding the contraction of indices. We will follow the 
convention that contractions are done with respect to the tangent space metric Gab when the indices 
are letters from the beginning of the latin alphabet (i.e., either a,b . . . or a, 6, . . .), and that contractions 
are only done with respect to gij if the indices are letters from the middle of the latin alphabet ■ ■ ■)■ 
For the comparison with the action (II. 2p it is instructive to re-interpret derivatives like T)i£jk in a 
more covariant way. Specifically, in analogy to the modified variation (j3.2p . we can write this as 

VaSbc = eb^'eaCcM = -ec^'^eaSbM ■ (4.5) 

This follows from the gauge fixed forms (14. ip and (|4.2p . and is manifestly 0{D, D) invariant. Remark- 
ably, it can also be made manifestly GL[D) x GL(D) invariant by observing that in 

et^VaesM = (eaegM + Wa/ejjv/) (4.6) 

the connection term is zero by the constraint (|2.13p . The same conclusion applies to the barred 
derivative = 'Da, and so we find in total the following identifications 

J^aC^bc = VaecM — —^c ^ a^bM , 



(4.7) 



which are manifestly covariant with respect to 0{D,D) and tangent space transformations. 

In the following we will examine how the 0{D,D) duality symmetry is realized after this gauge 
fixing. Acting with a general 0{D,D) transformation on (|4.ip violates the gauge condition and thus 
requires a compensating GL{D) x GL{D) transformation. In order to determine the transformation 
that restores the form of the vielbein (j4.ip . we consider a finite 0{D, D) and GL{D) transformation, 

e,^^'(X') = /i^^^(M-i(X)),^e5^(X) . (4.8) 

Here we denoted the GL{D) matrix by M^^ for later convenience, and h is the 0{D,D) matrix in 
(jl.Sp . i.e., whose components read 
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Applied to the gauge fixed component we find 

e/ = {M-X'{Wje,^ + h}iek,) = {M-^d" - S c')) = 6a\ (4.10) 

where we used matrix notation and suppressed the X-dependence. The last equation expresses the 
condition that the gauge fixing condition be preserved. Analogously, one finds for the other component 

= iM-%'{h'je-,^ + h'^ei^) = {M-\d' + 8' c')) = 6-a\ (4.11) 

where we denoted the matrix corresponding to the second GL{D) factor by M~^. The two conditions 
(j4.10p and (|4.1ip thus determine the compensating GL{D) x GL{D) transformations uniquely in terms 
of c and d, 

M{X) = d^-S{X)c\ M{X) = d^ + £\X)c\ (4.12) 

which are both X-dependent through their dependence on Finally, using this form of the com- 
pensating gauge transformations it is straightforward to verify that £ij transforms under 0{D,D) in 
the required non-linear representation according to (jl.4p . 

With the above analysis of the non- linear realization of 0{D,D) we have in fact recovered the 
formalism that has been used in [8] (extending the background-dependent formalism in |21l |6]) in 
order to prove the 0{D,D) invariance of (II. 2p . More precisely, in this formalism every index is 
thought of either as an unbarred or barred index and to transform, accordingly, either under M or M 
in (j4.12p . For instance, we have just verified that the calligraphic derivatives (j4.2p transform with M 
or M, respectively. Moreover, due to the manifestly 0{D, D) and GL{D) x GL{D) covariant rewriting 
of the calligraphic derivatives of £ in (j4.7p . it follows that after gauge fixing 

VaSbc = M/M,^M-Jv'^£'^j, V-aShc = M/Mh'M-Jv'^S'^j. (4.13) 

Thus, we can think of the first index on £ (under D or "D) as unbarred and the second index as barred. 
From the definition (14. 3p we infer that the indices on g can be thought of either as both barred or 
both unbarred, because g can be viewed as a tensor either of the left GL{D) or the right GL{D) such 
that it transforms after gauge fixing as 

5,5 = gab = Ma'' Mb" g',d , (4.14) 

and similarly for the inverse. The 0{D, D) invariance of the action is then a consequence of the fact, 
which one may easily confirm by inspection of ()1.2p . that only like-wise indices are contracted [8]. 

4.2 0(D, D) covariant derivatives and gauge variation 

In the previous subsection we have seen that in the formulation using £ij the 0{D, D) transformations 
are governed by the matrices M and M in (|4.12p . Since these matrices are X-dependent, it follows that 
derivatives of objects that transform 'covariantly' with M and M according to their index structure 
are in general not covariant in the same sense. This led ref. [8] to introduce ^0{D,D) covariant 
derivatives' — despite 0{D,D) being a global symmetry with constant parameters. There are two 
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types of covariant derivatives, Vi(r) and Vj(r), i.e., unbarred and barred, and various connections 
r depending on the index structure of the object on which the derivative acts. Here we indicate the 
dependence on the connections exphcitly, in order to distinguish these 'covariant' derivatives from the 
GL{D) X GL{D) covariant derivatives introduced before. 

Since we have here reahzed the global non-linear 0{D,D) transformations according to M and 
M through compensating GL{D) x GL{D) transformations, it is natural to assume that, after gauge 
fixing, the GL[D) x GL{D) covariant derivatives are related to the ^0{D,D) covariant derivatives' of 
[8]. This indeed turns out to be the case, and so we are able to give a more conventional interpretation 
of these covariant derivatives. 

As a first test of this relation we reproduce a manifestly 0{D, D) covariant form of the gauge 
transformations that has been found in |8J. Specifically, introducing the following change of basis for 
the gauge parameters (which is suggested by the gauge structure in string field theory [6] ) , 

m = -^^+£^Je , m = + (4.15) 

the gauge transformations (jl.6p take the remarkable form 

5£,j = Vi{T)f)j+Vj{T)ri, . (4.16) 

The corresponding result using the GL{D) x GL{D) connections follows almost immediately. First, 
the flattened gauge parameters 

r]a ■■= = -ea'^iM , ■= = ^a^' iu , (4.17) 

coincide with ()4.15p upon using (j4.ip . Moreover, after the gauge fixing (|4.ip . any variation of E 
coincides with the A variation in (13. 2p . 

^^al = = ea^fcjjv/ = e,* Jeg, + e,, 5e-,V (4.18) 

This follows because the last term is zero by the gauge fixing condition. More precisely, for the 
gauge variation this term will vanish by a compensating frame rotation that restores the chosen 
gauge. The advantage of using the A variation is that this compensating transformation need not be 
determined explicitly. Applying now (j3.14p one finds in the basis (I4.17P 

5£al = Va??5 + V-,??, , (4.19) 

which agrees with (j4.16p . using that after gauge fixing the indices i, j, . . . can be identified with the 
fiat indices. 

We note in passing that the original form (II. 6p of the gauge transformations also follows easily by 
use of the A variation as in (I4.18p . 

~ ■ . _ - . . 4.20 
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Here we used (j4.2p in the second line and the gauge fixed form (j4.ip in the last line, where we again 
identified indices. Thus we have derived (jl.6p from the fundamental gauge transformation of the 
vielbein, as in [9], but without invoking the compensating frame rotation explicitly. 

The previous results show that the ^0{D,D) covariant derivatives' coincide with the GL{D) x 
GL{D) covariant derivatives after gauge fixing, at least when acting on r] and ry as in (I4.19p . The 
complete set of connections T is not fixed by 0{D, D) covariance and therefore have been given in [8] 
only provisionally. Here we display for completeness their relation after gauge fixing, 

^it = -lg''{v.£i,+t>j£a-mj) = -r|, 

^/ = -l9'''{'Di£ji+Vj£u-Vi£ji) = -r|, 

Uji^ = - V^)£ij + 2Vd = -T]^ + ]^V^£ij + 2Vid , 

V = ]^{V^ - V^)£j^ + 2Vd = -Vl + h)^£j, + 2Vid . (4.21) 

We see that they are equivalent in the 'off-diagonal' parts but differ in the trace parts. In fact, it 
has already been noted, c.f. the discussion around eq. (4.13) in [8j, that modifying the definition as 
suggested by ()4.2ip would have the advantage of simplifying the gauge transformation of d in that 

6d = -^Viv' - ^V,fj' . (4.22) 

Here we see that this is a direct consequence of (I3.15p . where we recall that according to our index 
conventions g rather than Q is used to raise indices in (j4.22p . and that there is a relative sign in the 
definition ()4.17p of r^j. In [8], however, there was no justification from symmetry arguments for this 
modification, but here we see it emerging naturally from Siegel's frame formalism. 

Given the precise correspondence between the 0{D, D) and GL{D) x GL{D) connections, we have 
verified that the curvature scalar and Ricci tensor of Siegel's formalism agree with the corresponding 
expressions obtained in [8] and |11] (for the Ricci tensor see appendix A4). More precisely, the scalar 
curvature constructed from Siegel's frame formalism is \ times Tl{£,d) as given in p]. Taking this 
factor as well as the relative factors of ±1 in (|4.3p into account, the Bianchi identities (j3.17p reduce to 

V'TZij + ^t>jTZ{£,d) = 0, V^TZij + ^ViTZ{£,d) = 0, (4.23) 
which agree with |llj . 

Starting from the expression (j2.59p for the scalar curvature we can actually immediately compare 
with the double field theory action (jl.2p in terms of £ij . Using that the covariant derivatives allow for 
partial integration in presence of the dilaton density, we infer that the first line in ()2.59p contributes 
only total derivatives under an integral, and thus the resulting Lagrangian is equivalent to 

L — e \ - T,^ \/ e M^a VfeegAT + -eg VaGbAie V e at - -ec \/a%M^ V e at 

V 2 2 2 (4 24) 

- V'dea^'^v'^eiM + V'^de-a^'v'^ebM - 2V''dVad) . 

Taking into account the relation (j4.3p between g and the tangent space metric, and using that the 
latter is covariantly constant, it then immediately follows by virtue of the identifications (|4.7p that 
this agrees with (|1.2p up to the overall factor of 4. 
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5 Relation to formulation with 'H^^ 

In this section we introduce the formulation in terms of the generahzed metric T-L^^^ from the point 
of view of the frame formahsm and express the scalar curvature and thus the action in terms of this 
variable. Finally, we briefly discuss Christoffel connections that are introduced via a vielbein postulate. 

5.1 Gauge choice and generalized coset formulation 

We next identify the generalized metric and the corresponding formulation ()1.9p in the geometrical 
frame formalism. In general, one can define 7^*^^ in terms of the frame field through [9] 

where the second equation is a consequence of the definition (j2.1ip and the constraint (I2.13p . The 
generalized metric is a constrained field in that 

-H^'^-Hkn = , (5.2) 



where the indices are lowered, as usual, with rjMN- In the standard parametrization (jl.Sp this can be 
checked by a direct computation. Here, it can be verified with either one of the definitions in (15. ip . 
We note, however, that if we use for the first Ti in (j5.2p . say, the first expression in ()5.ip and for the 
second Ti the second expression, then the constraint (I2.13P is required in order to verify this. 

For later use we note that (|5.ip implies for the flattened components of the generalized metric 



niAB _ njMN ^ B _ I S"'^ , 

H - n CM CAT - I ^ g^V ' ^ ' 

where again (j2.13p has been used. 

In the following, we find it convenient to fix the GL{D) x GL{D) symmetry by setting the tangent 
space metric (|2.1ip to 

This implies gab = ^Sab and g^b = ^^ab from the definition (|4.3p and also Hab = ^AB from (|5.3p . This 
leaves a residual local 0(D) x 0{D) symmetry. Therefore, the resulting formulation can be viewed as 
a generalized coset model based on 0{D, D)/{0{D) x 0(D)) [9\. In fact, from ()5.4p we conclude with 
(j2.1ip that is an 0{D,D) element (up to a similarity transformation) in that it transforms the 
0{D,D) metric r] into the 0{D,D) metric, but written in the form ()5.4p . Thus, e can be viewed as 
a group-valued coset representative with a local 0{D) x 0{D) action from the left. Moreover, (|5.3p 
implies 

V. = d eA es , (5.5) 

and so "H can be viewed as the 0{D) x 0{D) invariant combination e*e. For completeness we record 
that the form of the coset representative that leads to the standard parametrization (jl.Sp for Ji^^^ 
according to (15. 5p is given by 
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where Uj" is the conventional vielbein for the metric gij, i.e., gij = Vi'^vja, with inverse Va^. We recall 
that an explicit parametrization like this requires a further gauge fixing of the local 0{D) x 0{D) 
symmetry. 

5.2 Scalar curvature 

Next, we prove that the Ricci scalar (j2.60p reduces upon the gauge fixing (j5.4p to the function IZiT-L, d) 
given in |9j, and thus that the actions in ()3.ip and (ll.lip are equivalent. This proof simplifies due to 
the fact that we have chosen a gauge in which Qab is constant, such that we can freely raise and lower 
indices a,b, . . . and a,b, . . . under derivatives. Thus, it implies relations like 

fABC = {eA(iB^^)(icM = -es^ {eAecM) = -Jacb , (5.7) 
which we will use frequently below. Moreover, the scalar curvature (j2.60p then reduces to 

n = Can'' + ^nl - ^n^bc^ - ^%bcf ■ (5.8) 

We first evaluate the dilaton-dependent terms, which originate only from the first two terms. Using 
dOTp we find 

ean'' + ^nl\^ = -2e''^dN{ea^'dMd)-2dMea^'e''^dNd + 2ea^'dMde''''dNd (5.9) 
= -2e''^ea''dMdNd - 2dN (e'^^e/^) + 2e,^^ e'^^'duddNd . 

With the expression for from (15. ip this reduces to 

n^^^dudNd + OnU^'^ dMd - n^^^dnddNd , (5.10) 



d 

where we used the strong constraint (II. 7p . 

We turn next to the pure e-dependent terms which are more involved. The first two terms in (j5.8 
yield 



1^ 



ea^''+^-(ll = \{dMdN{ea''e^'')-dNe'^^dMea'') = -IdNe'^^dMea'' ■ (5.11) 

Z e z 4 2 

In order to compute the third term in (j5.8p we start from 

^abc = '^f[ab]c + fc[ab] = 2 (e[ae;,] ^''^) CgA/ + (ecCa^) CfeM , (5.12) 

where (j5.7p implies automatic antisymmetry in a, b in the last term. Using that for arbitrary functions 
X and Y the strong constraint (j2.15p implies together with (|5.ip 



CaXe'^Y = -hu^'^duXdNY , e-aX e^Y = ]^n^^^ duX SnX , (5.13) 
the square of (|5.12p reads 

^abc^ = -\h'^''{'Hmn + mN)dKeb^ dLc'''' - (Hmn + mN)ebea^' e'^e^^ (5.14) 
-^n^'^^i-HMN - VMN)dKeb^dLe''' + (?^^^ - v^'^'mML + r]ML)dKeb^d'^e'N • 
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We next compute with ()2.32p 

^[abcf = ^f[abcf = '^ifabc + '^fcab)f"''"^, (5.15) 

where (|5.7p has been used. This yields 



^[abcf — 3 

3 



(5.16) 



I [HklCHmn - mN) - 2(^ML - VmlX-Hnk - r/7Vic)]5^e6*^ a^e''^ 



where we used in the second hne (|5.7p . In total, the third and the fourth term of TZ in (|5.8p combine 
as follows: 

- l^abc^ - ^^[abcf = In'^'^inMN + VMN)dKeb'^ OLe'^ + ^{Hmn + mN)ebea^ e'^e''^ 

-hn^^ - r^^'^'mML + 3r/ML)%e/^a^eV • (5.17) 



Adding (|5.1ip and (|5.17p one obtains after some work 
In combination with (j5.10p we obtain in total 



= -IdudN-H^''' + ^n'^'^dK-HMNdLn^''' - In'^'^^dK-HMNdLn'"'' . (5.18) 
'H 4 6/ o 



n = n^^^dAidNd + dN-H^^^ dMd-n^^^dMddNd (5.19) 



IMN 
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This coincides with the curvature scalar TZ(T-L,d) constructed in up to the same irrelevant overall 
factor of 4 encountered above, and thus we have established independently the equivalence of the two 
action principles. 

5.3 ^/-compatible ChristofFel connections 

So far we have exclusively dealt with covariant derivatives acting on objects with 'flat' or tangent space 
indices. Given these spin connection- type objects there is a canonical way to associate corresponding 
Christoffel-type connections, via the so-called vielbein postulate. Here we investigate the properties of 
these Christoffel symbols. Very recently, an interesting paper appeared that deals with the geometrical 
foundation of the "H-formulation and introduces similar connections [H], which are related but not 
identical to those discussed here. 

We start by defining Christoffel symbols from the GL{D) x GL{D) connections by requiring 

"^mVn ■■= OmVn - Tmn^Vk = eu^eN^VAVB , (5.20) 

and analogously for higher tensors. This is satisfied if the following 'vielbein postulate' holds 

dMCN"^ -ujMB'^eN^ - Tmn^ck^ = 0, (5.21) 
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which is the usual condition that the vielbein is covariantly constant with respect to the tangent 
space and Christoffel connections. This condition determines the Christoffel symbols in terms of 
(derivatives of) e and u. Thus, F is uniquely determined by the physical fields whenever this holds 
for u. Moreover, as the conventional torsion for cj is non-zero, there is a non-zero antisymmetric part 
'^[MN]^ proportional to this torsion. With this covariant derivative curvature tensors may be defined 
via [Vm, Vat], and the resulting objects will be equivalent (through the conversion of indices with the 
frame field) to the corresponding tensors defined via (|2.4ip . and thus all the comments there readily 
apply in the present context. 

It is instructive, however, to inspect some properties of the covariant derivatives based on T in 
more detail. First, from (j5.2ip we infer the transformation rule of F under transformations, 

S^Tmn"" = C^Tmn"" + OMdN^"" - dMd^'^N • (5.22) 

One may easily verify that this is the right transformation rule that makes the first expression in 
(j5.2U|) a covariant derivative. The first inhomogeneous term is the standard one appearing for the 
Christoffel symbols in Riemannian geometry, while the second one is novel and due to the generalized 
Lie derivative. This new contribution also shows that ^^Fj^f^j'^ 7^ and thus that the connection is 
necessarily torsionful. 

An important consequence of the defining relation (|5.20p is that rjMN is covariantly constant, 

^MmK = eu^eN^eK^VAQBC = 0, (5.23) 

which follows from the definition ()2.1ip and the metricity condition ()2.27p for the tangent space metric. 
Explicitly, this implies for the Christoffel symbols with (j5.20p 

^MVNK = dMVNK - 'TmN^VLK - 'TmK^VNL = =^ '^MiNK) = . (5-24) 

Moreover, since the 'fiattened' components of Ti are given by the components of , up to sign 
differences that account for the different signatures, c.f. eq. ()5.3p . the metricity of the tangent space 
metric implies also 

Va/^jvk = CM'^eN^eK^VA'HBC = 0, (5.25) 
and therefore F is an ^-compatible connection. In other words, in this formalism there are two 
covariantly constant metrics, Ti and rj. 

Another important property of the Christoffel symbols follows from the vielbein postulate ()5.2ip . 

'^[MNK] = —f[MNK] — ^[MNK] = , (5.26) 

where all indices have been converted into world indices, and the last equation follows from (j2.32p . 
As the latter equation was a direct consequence of the (generalized) torsion constraint, eq. (I5.26P 
can be seen as the analogue of the usual torsion constraint F[7y,f^]x = 0. The properties (|5.24p and 
(j5.26p imply that in the generalized Lie derivatives the partial derivatives can be replaced by covariant 
derivatives [H], 

= ^""VnVm + (Vm^^^ - V^Cm) Vn + C'^F^ {Tnmk - ^mnk - ^kmn) (5.27) 
= C^'VnVm + (VmC^^ - V^Cm) Vn , 
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and similarly on arbitrary higher tensors. In conventional Riemannian geometry the usual Lie deriva- 
tive has the analogous property by virtue of the usual torsion constraint. 

The frame formalism carries only connections with respect to GL{D) x GL{D), and so this 'fac- 
torization' should also be visible in the Christoffel symbols of the generalized metric formulation. To 
see this, we note that due to the constraint (15. 2p on Ti, the matrices 

Pa/^ = ^(<5m^-^m^) , = ^(5m^ + ^a./^) (5.28) 

are projectors satisfying = V and =V . With the expression (|5.ip for 'H. in terms of the frame 
fields, this simply reduces to [9] 

Vm"" = eaMe'^'' , Vm"" = e.Me^^ . (5.29) 

Therefore, V and V project onto the subspaces that are invariant under the left GL{D) or the right 
GL{D), respectively. More precisely, given a vector Vm that is projected to the left ('unbarred') 
subspace, i.e., invariant under the right GL{D), we find indeed 

Vm = Vm^'Vn = eaMe'^'^VN ^ V-a = e-a^Vu = , (5.30) 

and thus only Va is non-zero. Here, in the last step, (12.13P has been used. Analogously, the frame 
components of a vector with Vm = Pm^Vn satisfy 14 = 0. 

It is now straightforward to see that the covariant derivative is compatible with these projections. 
In fact, since % and i] are covariantly constant, we find 

Vm = Vm^Vn VmVn = Vn^^uVk , (5.31) 

and similarly for V. This is the analogue of the fact, which is manifest in the frame formalism, that 
the GL{D) X GL[D) covariant derivatives preserve the barred-unbarred index structure. 

The Christoffel symbols discussed here are closely related to those introduced in |14] . First, the 
property that the covariant derivatives preserve the left- and right-invariant subspaces as in (|5.3ip 
is one of the requirements that determines their T. Second, the Christoffel symbols are further con- 
strained in [T3] by requiring (j5.24p and (j5.26p . The details of the connections differ, however, in that 
their covariant derivatives do not transform covariantly, but only in certain combinations and projec- 
tions, while Siegel's connections - and thereby the Christoffel symbols determined by (I5.2ip - properly 
transforms as connections, at the cost of introducing components that are not determined in terms of 
the physical fields. 

6 Summary and Outlook 

Recent results on double field theory have given an elegant '0(-D, D) covariantisation' of the con- 
ventional low-energy space-time action (jl.ll) of closed string theory by virtue of introducing extra 
coordinates. The resulting actions, written in terms of 8ij or T-L^^^ , take a remarkably simple form 
and feature besides the global 0{D, D) T-duality invariance a gauge symmetry that unifies the usual 
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diffeomorphisms with the 2-form gauge symmetry. So far, however, a deeper understanding of the 
geometrical structure of this theory, adopting the role that Riemannian geometry plays in Einstein's 
theory, was lacking. In this paper we have shown that the duality-covariant geometrical formalism 
developed by Siegel already some time ago in [16] provides, at least to some extent, such a framework 
in terms of frame fields, connections and curvatures for the gauge group GL{D) x GL(D). For the 
convenience of the reader we summarize here the main differences to ordinary Riemannian geometry. 

First of all, a central object is the 0{D,D) invariant metric r] which is a constant 'world tensor' 
with two upper or two lower indices. In Riemannian geometry such an object would not be well- 
defined, but here the constancy of r] has a gauge invariant meaning due to the modified form of the 
gauge transformations, governed by the 'generalized Lie derivatives' (j2.1|) . In contrast to the 'world' 
metric rj'^^ , the 'tangent space metric' Qab is space-time dependent, and thus we have the opposite of 
the usual situation. It is instructive to compare this with a reformulation of conventional Riemannian 
geometry that resembles the formalism presented here in that there is an enlarged group of frame 
transformations, the general linear group GL{D) rather than the Lorentz group, and a space-time 
dependent tangent spciCG metric g^fj that enters together with the vielbein cis an indepencieiit field, 
(see sec. IX. A. 2 in [22]). Imposing a metricity condition and the usual torsion constraint, 

VaQbc = 0, Tab" = -2e„"^eb"V[„e„]^ = 0, (6.1) 

allows one to solve for the connections Uabc in terms of derivatives of and gab- The local GL{D) 
symmetry can then be fixed by setting either ea*" = Sa"^, in which case gab can be identified with the 
usual metric and the Uabc reduce to the Christoffel symbols Tabc, or one can set gab = ^ab^ in which 
case Ba™" carries the physical degrees of freedom and uJabc reduces to the usual spin connection. This 
formalism differs, however, from the present frame formalism, at least in the form discussed in this 
paper, in several respects. For instance, here it is not the tangent space metric Gab that is introduced 
as an independent object but rather the constant 0{D, D) invariant metric rj^'^ , while Gab is defined 
in terms of tjmn by use of the frame fields. Moreover, the torsion constraint is modified as compared 
to (I6l^ . 

Perhaps the most important difference to Riemannian geometry is the novel gauge symmetry 
parametrized by whose algebra is governed by the C-bracket rather than the Lie bracket of the 
usual diffeomorphisms. This has a number of consequences. Most importantly, due to the modified 
torsion constraint, the Riemann-like tensor defined through the commutator of covariant derivatives 
is generally not covariant under frame rotations. Following [16] this can be repaired 'by hand', but 
is should be stressed that the resulting tensor, which is fully covariant, is not in all components 
independent on the undetermined connections. The resulting Ricci-like tensor and scalar curvature 
are, however, fully expressible in terms of the physical fields, and are equivalent to the field equations 
and Lagrangian of double field theory, respectively. 

It is natural to anticipate that a yet better understanding of the geometrical structure is possible, 
perhaps adopting and extending ideas from 'generalized geometry' [HI [I9l [20] , in which, for instance, a 
fully covariant curvature tensor may emerge more directly. Such an understanding could be useful not 
only for the double field theory currently discussed, but also for further generalizations, say, to type II 
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string theory. Finally, we hope that the present investigations might shed some light on the possibility 
of the ultimate goal of this research program, namely to construct a 'truly doubled field theory' in 
which the strong constraint (jl.7p is relaxed in such a way that the fields may depend non-trivially on 
both momentum and winding coordinates even locally. 
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A Computational details on the curvature tensor 
A.l Fully contracted curvature tensor without constraints 

In this appendix we prove the equation ()2.56p which holds before imposing any constraints. Thus, 
we have to use the form of the curvature tensor in (j2.50p . which was fully covariant without using 
constraints. More explicitly, this reads 

TIabcd = -j\RABCD + Rcdab] (A.l) 

--^[^ECD^ AB + ^EABOJ CD\--^[^ECDe QaB+^EAB^ Gcd] , 

from which we derive 

TIab^^ = Q^'^Q^^TIabcd = Q^'^Rabc^ - 2^E^^ ^^Qab - 2^e^^ oj^ab ■ (A. 2) 
We rewrite now the first term on the right-hand side as follows 

Rab"^^ = g^^(eAUJBC^ -CbCOAC^ + UJAc'^UJBE^ -UJBC'^UJAE^ -fiAB^COEC^) (A.3) 



Vai^Bc" - VfiWAc" - i^BE^UJAC^ j + ( ~ ^AB^ + UJBA^JuJe'^^ ■ 

In the first bracket we next move the metrics inside the covariant derivatives, where we have to 
remember that here the metric is not assumed to be covariantly constant, 

VaUJbC^ -VbUJAC^ -UJBE^iOAC^) = V a^b^^ - ^BC^^ aQ"^^ - ^ B^^ a"^^ (A.4) 

+UJAC ^ By — ^^BE ^A 

In order to eliminate the last term proportional to uj^ , we use 

VaVb^^^ = eAe^g^^ - Vau;b^^ - Va^b^^ (A.5) 

, , A T7 rCB , , B , AE , , B , EA 
-LOAC By - UJBE WA - OJBE ^A , 
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which is straightforward to verify. This leads to 

G'^^IVaojbc^ -^BOJAC^ -OJBE^UJAC^) = 2V aojb^^ + y bQ^'^ - eAesQ^^ (A.6) 

We use next the definition Ta = ^ba^ + Iba^ — '^^Ad in order to ehminate ujba^ in the first and last 
term by T and /. Moreover, we use ^Ja^bc) — ^aQbc in order to rewrite the third term in terms of 
/. This leads after a short computation to 



(A., 



Vai^bc -^b^ac -^be ^ac 

= IVAf"" + 2eA/B[^^l + + VaVb^^^ + ojac^'VbG^^ (A-7) 

+ Ta^ + fBE^'fA''^ - 2fAfB^'' - ^fBE^'e^d + A(y Ae^d + TAe^d) , 

where we have used the constraint (|2.15|) . In here, the terms in brackets in the last line vanish by 
(j2.39p . By finally eliminating ojae"^ in the third term above in terms of T and /, we arrive at 

gAC^Y^^^^B - Vb^^AC^ - i^BE^i~OAC^ 

= 2VAf^ + Ta' + VaVbG^"" + 2eB/A'""J - Ibe" Ia'^'' + a;Ac" V^g"'- . 
Using this in (IA.3P we get 

Rab^^ = 2VAf^ + fA' + yAyBQ^^ (A.9) 
+2eB/A[^^l - fBE^'fA''^ + ooac^'^bQ^'' + ( - J^AB^ + c.BA^)a;i.^^ • 

To proceed with the computation of the full IZab^^ in (|A.2p we define 

A7^ ^ 2eB/A[^^l - fBE^'fA^'^ + o^AC^V^g^^ + {-Hab'' + O.BA^)^E^^ (A.IO) 

1, , AS ^ , , AB , E 

--WE e yAB--<^E W AS, 

such that 

Uab^^ = 2VAT^ + T4^ + VAVBg^■^ + A7^. (A.ll) 
To evaluate A7^, we need the following identities: 

2eB/A[^^] = /Bi.^/A^^ - /AB^/i.^^ , (A.12) 
Va^BC = ^aQbC + '^ABC + ^ACB = 2 f a{bC) + '^'^ A(BC) ■ (A. 13) 

Using the definition VIab^ = 2/[a_b]'^ + /*^[a_b]) we can rewrite /S.1Z in terms of only / and oj as follows: 

A7^ = -{fABEf'''''' + 2u:ABEf'''''' + u:ABEu:''^'')-\{2u:^^''fEAB + u:'^^^u:EAB) . (A.14) 
By adding —-^f^^^fEAB, which vanishes due to the strong constraint, ATZ can be written as 

An = -K^^^'KabE-Ik^^^'KeAB = -^K^^^'iKABE + KBEA + KEAB), (A.15) 
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where we introduced 

Kab^ = fAB^+UJAB^ ■ 
We can further rewrite /S.TZ according to 

= -2-^[^BC]^ - ^^(^ABC)^ ■ 
Next, we use the following two identities 

TlABC] = S/STj^sq ) K^ABC) = i^{aGbc) 
which can be easily confirmed, to obtain 



= --^T[ABC]^ - -^^{aQbC)^ ■ 



This finally leads to 



TIab^^ = 2VaT^ + Ta^ + "^a^bQ^^ - -^T[ABC]' - (aQbc)^ 



(A.16) 
(A.17) 

(A.18) 

(A.19) 

(A.20) 



as we wanted to show. 



A. 2 Scalar curvature 



In this appendix we prove that the curvature scalar given by the first expression in (j2.58p can be 
written as (j2.60p . From the definition of the Riemann tensor (|2.48p we obtain 



7^ 



ab 



ab 



ab 



1 



ab 



r^Eab W 



Eba 



where Rab""^ is given by 



^a^bc — e-bUJac + ^ac'^be' — ^^bc^^ae' — ^ab^^Ec 



(A.21) 



(A.22) 



ae, , b , , ae, , b 



E, , ab 



Using 



UJ, 



ab 



(A.23) 



which follows from (I2.37P and (I2.29|) . a short computation shows that this can be rewritten as 



Rab'''' = -2ean''-na^-eaetg^' + 
Then TZ is according to ()A.2ip given by 

7^ = 



^bca^ — i 'ab ^E 



1 



(A.24) 



l-^bca^ —^l-ab ^E + -^^Eab^ 



(A.25) 



We next evaluate the terms in the square bracket. Using the torsion constraint (j2.3Up we find 



, , , ,acb O E, , ab , ^ , , , ,Eba 
^bca'^ — "aft ^E + -^^Eab^ 



cab 



1 



cab 



1 



cab 



^abc^ + -j^^cab^ + -j^^cab^' 
2 [^abc + ^bca + ^cafe] l^™^ + -^^cab^"^^ , 



(A.26) 
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where in the second equation cobca^ = ^abc^ has been used. The terms in the square bracket in 
the second Hue can be written as 

2 i^abc + (^bca + ^cab] W^"^ = - [u^abc + ^bca + ^cab — ^acb — '■^bac — ^cba\ l^'^"'' (A. 27) 

1 1 

The terms in the each bracket give the fohowing contributions, respectively: 

^a;[,,,].;["^^] = = ^/[,,,]/['^^^] , (A.28) 

ia;,(„,).;^('^'') = -^^e'^g^'eaQbc = \f ^ab) f'^'^'K (A.29) 

\{i^abc + ^bca+^acb+^bac)i^'"'' = Wa(fec)^'^"'^ = -\e'' Q'''' C.G ac = f a(bc) f^"""^ ■ (A.30) 

Thus, ()A.26P can finahy be written as 

^bca'^""^ - ^ab^^E""^ + -j^^Eab^^^" = -^^[abc]' - ^e°-Q'"'eaQbc - ^e°'Q'"'ehQac + ^^cab^''"'^ ■ (A. 31) 

Using this in ()A.25P together with Ucab = —^cab we arrive at 

7^ = ea^"" + \^a^ + ^eae^g'^* - ^^^abc]^ + l-e%^''eaQbc + \e''Q'"'ei,gac - ^f^eafef^'"' • (A.32) 
2 2 12 ^ ^ lb 8 4 

With the expressions in terms of / in (jA.28p . (|A.29p and (|A.30p this can also be written as 

7^ = ea^" + \^a^ + ^eaefe^"" - \ [fabc + fbca + fcab) " ^f^cafef^'"' • (A.33) 

The expressions for TZ given so far can be further simplified by using for the last term in (|A.32p 
the following relation 

^cab = ^abc + -ecGab , (A. 34) 

which implies 

^n,ab^ = In^,,^ - le^G-^e-cQab = \^ab<? + \e'Q'''ecQab. (A.35) 

Here we used that the mixed term in the square can be brought to the form of the last term, using 
^c{ab) = ^^cGab- In total, using (fX35l) in (1X32]) yields the following expression for the scalar curvature: 

7^ = ea^'^ + ^na^ + ^eaCbG''' - ^^abc^ - ^^^..^f + ^e'^g^^ehGac , (A.36) 
as we wanted to show. 

A. 3 Scalar curvature in terms of GL{D) x GL{D) covariant derivatives 

Here we derive from the expression (jA.32p for the scalar curvature the manifestly 0{D, D) and GL{D) x 
GL{D) covariant form given in (j2.59p . We first focus on the dilaton-dependent terms which originate 
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only from the first two terms in (|A.32p . 



7^ 



1 



{OKiea ) 
2rffi t„ M-2d\n, 



ea{-2e^d) + - \2G^\dMean{-2ebd) + {-2ead){-2e^ d) 



(A.37) 



= -2 [eae'^d + e'^dMiea e-"')e''d + Cad e^d 
= -2(eae''d-ui,J'e''d + eade''d^ = -2V aS^d - 2V adVd . 

This reproduces the terms in (j2.59p that are quadratic in the dilaton, if we use the strong constraint 
in the forms (j2.15p and (j2.39p . There are also apparent terms linear in the dilaton in (|2.59p but these 
are actually artifacts of the dilaton dependence of some of the covariant derivatives. More precisely, 
terms in the first and last line of ()2.59p can be combined as follows 

- \ (^^(e.^^V^esA^) - V^(e/^V^e,A/)) - (v^d{eJ'V~''eui) -V^d{en^'v'e,M)) 

^ ' (A.38) 



1 



This shows that this expression is independent of the dilaton and thus we have shown that (|A.32p 
reproduces the correct dilaton-dependent terms. For the following computation it is convenient to 
simplify the structure obtained in (jA.38p further, which yields 

1 



dm ( e.^e-'le^^e^^) - e5^e''(ea^%«^^ ) ) (A.39) 



6/ MaN^ 



M aN- 



We next consider the terms in ()A.32p depending only on the frame field. The first three terms in 
(1X321) yield 



(A.40) 



which, combined with the relations ()A.38p and (|A.39p . implies 



1 



(A.41) 



1 



TVo aM 



In order to evaluate the last four terms in TZ it is convenient to use the form given in ()A.33p . The 
last term in there can be written as 



1 



^ ( fcabf^""^ + 2fcabf"''"^ + 2facbf"'^^ + 2fcabf 



cabc 



eacb 



bca 



2facbf 



bca 



(A.42) 
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where we have used fAbc = —fAcb which follows from the constraint (j2.13p . In total we find 



1 



A (^fabc ~l~ fbca ~l~ fcab) f / ^cab^ 



\cab 



1 



'"If fCab I r) r raOU I n f faCO I r) r fOCa r) ^ f 

^ ( J Cab J + '^JCabJ + ^JacbJ + ^JcabJ — ^JacbJ 



cabC 



each 



fbca 



bca 



(A.43) 



The first term in here is zero by the strong constraint. The results for the remaining terms are given 

by 

fcabr''' = -ea^e^^'^dNe'MdLCb^ , 



f _ facb 
JacbJ 

£_ fbca f _ £bca 

J cab J JacbJ 



1 



M ^aN^nb^c 



(A.44) 
(A.45) 

(A.46) 



e-a^e^'^dNe''MdLeb'' , 



N 



which are relatively straightforward to derive by using that the covariant derivatives coincide with 
the ordinary derivatives by arguments similar to those used in (j4.6p . Inserting these into ()A.43P gives 
together with (|A.40p and (|A.37p the final result displayed in (I2.59p . 



A. 4 Ricci tensor in terms of Si.: 



In this appendix we verify that the Ricci-type tensor TZ^i obtained from Siegel's curvature tensor 
coincides, upon gauge fixing, with the tensor obtained from the double field theory action (jl.2p by 
variation with respect to £ij as given in [TT] (there denoted by /Cab)- 
We start from the expression 

T^ab = Rcab' = (icUJa^-aa^cf + ^d^^-ca'^-^al^-J^ (A-47) 

which after gauge fixing and upon identification of indices can be rewritten in terms of the Christoffel 
symbols T reviewed in sec. 14.21 as 



r> k 



kj 



2Vjd 



The dilaton terms reduce to 



kij 



-(ViVjd + VjVid) , 



(A.48) 



(A.49) 



d . *j 

which is consistent with the dilaton terms in /Cjj [11], where we note that in this appendix all covariant 
derivatives Vj are with respect to F. 

Next, we inspect the (^-dependent terms in T^jj: 



Tj k 

^kij 



which after some computation can be rewritten as 



ir ki 



l_'pk_ 
ij kl 2 



(A.50) 



R 



kij 



Then Rj^^j'' — Rj^^j'' 



^ {V'^VkSij - V^ViSkj - V%£^k) + ^gP'^iViSpjV'^Sqk + Vi£gkV''£pj) (A.51) 



I n k 



is equivalent to /Cj 
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